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Abstract
We investigate the scattering of an electron by an infinitely thin and infinitely long straight magnetic
flux tube in the framework of QED. We discuss the solutions of the Dirac and Maxwell fields in the
related external pure AB potential and evaluate matrix elements and differential probabilities for
the bremsstrahlung process. The dependence of the resulting cross section on the energy, direction
and polarization of the involved particles is analyzed. In the low energy regime a surprising angular
asymmetry is found which results from the interaction of the electron’s magnetic moment with the
magnetic field.
PACS numbers: 03.65.Bz, 12.20.-m
1 Introduction
In classical physics the behaviour of charged particles in external electro-magnetic fields is completely
determined by the electric and magnetic field strengths, Fµν = ∂µAν − ∂νAµ, which fix their trajectories
by way of the resulting forces. For quantum particles, however, the concept of field strengths, which are
gauge invariant local quantities, is insufficient. This became evident with the prediction of the Aharonov-
Bohm (AB) effect [1] (see also [2, 3]), which states the influence of magnetic fluxes on quantum systems.
It was shown that it is the line integrals of the vector potential over closed paths which produce the
additional effects on quantum systems [4]. The path-dependent phase factors exp
(
ie
∮
Aµdxµ
)
, which
form a class of topological, and again, gauge invariant quantities, produce phase shifts in wave functions.
A number of remarkable experiments was made to observe the resulting interference pattern of an
electron beam scattered by a thin solenoid. For a comprehensive review see [5, 6]. In solid state physics
the manifestation of the AB-effect brought new unexpected results [7, 8]. The influence of magnetic
fluxes on vacuum polarization of quantum fields was discussed in [9]. For a detailed investigation of
the AB effect and its physical consequences it is essential not only to consider the scattering but also
accompanying effects. Among them bremsstrahlung is supposed to be the most significant one. It was
discussed at first for non-relativistic particles in the dipole approximation in [10], where the energetic and
angular distributions were calculated. The polarization properties of the bremsstrahlung were discussed
for relativistic spinless particles in [11]. The aim of the present paper is a detailed investigation of the
bremsstrahlung emitted by a Dirac electron being scattered in the AB potential. This process is evidently
of greatest interest in view of a possible experimental verification using polarizable electron beams.
As usual we will consider the idealized case of an infinitely thin, infinitely long straight solenoid
(magnetic string), lying along the z axis. The vector potential connected with this pure AB configuration
reads
~A =
Φ
2πρ
~eϕ ,
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where Φ is the magnetic flux and ρ the distance to the string. This idealization raises the question of
how to describe the electron wave function near the string correctly. Mathematically this is related to
the non-selfadjointness of the Hamilton operator [12] -[15]. We will discuss this point in section 2, where
we investigate the Dirac equation in the presence of the pure AB potential. There we also find the exact
scattering solutions in terms of partial waves. The issue of spin changes slightly the interpretation of
the AB effect. As we will show the interaction between spin and magnetic field leads to the Dirac wave
functions which do not vanish on the magnetic string and thus, in a way, a local element is added to the
non-locality of the AB effect.
In section 3 the matrix element for the bremsstrahlung process is calculated and the differential
radiative cross section is obtained. We analyze the behaviour of the differential and total cross section
at different energy regimes and discuss its particular features characteristic for the Dirac electron in
sections 4 and 5.
We use units such that h¯ = c = 1 and take e < 0 for the electron charge.
2 Solutions of the Dirac and Maxwell field in the Aharonov-
Bohm potential
The Dirac equation in an external magnetic field reads
i∂tψ = Hψ, H = αi(pi − eAi) + βM (1)
where e is the electron charge. For the matrices α and β we use
αi =
(
0 σi
σi 0
)
, β =
(
1 0
0 −1
)
.
In cylindrical coordinates (ρ, ϕ, z), the kinetic momenta are given by
πρ = pρ = −i∂ρ, πϕ = pϕ − eAϕ = − i
ρ
∂ϕ − eAϕ , p3 = −i∂z (2)
and
σρ = σ1 cosϕ+ σ2 sinϕ , σϕ = (−σ1 sinϕ+ σ2 cosϕ)
where σi are the Pauli matrices.
The vector potential for the pure AB case (magnetic string) has a nonzero angular component [1]
eAϕ =
eΦ
2πρ
= − Φ
Φ0ρ
=
φ
ρ
, (3)
(0 ≤ ρ < ∞), where Φ is magnetic flux and Φ0 = 2π/|e| is the magnetic flux quantum. It corresponds
to a magnetic field along the z axis
Bz =
2φ
eρ
δ(ρ) , (4)
which points to the positive (negative) z direction for φ < 0 (φ > 0). It is the fractional part δ of the
magnetic flux φ = N + δ, 0 < δ < 1 which produces all physical effects. Its integral part N will appear
as a phase factor exp(iNϕ) in the solutions to the Dirac equation.
The exact solution of the Dirac equation used for the discussion of the scattering problem in the
external Aharonov-Bohm field can be written in an integral form as it was done for the Schro¨dinger
equation in the original paper by Y. Aharonov and D. Bohm [1]. For further calculations, however,
cylindrical modes are more convenient.
For the Dirac equation in the AB field the complete set of commuting operators is
Hˆ , pˆ3 := −i∂z , Jˆ3 := −i∂ϕ + 1
2
Σ3 , Sˆ3 := βΣ3 + γ
p3
M
(5)
2
where γ :=
(
0 1
1 0
)
. The corresponding eigenvalue equations are given by
Hˆψ = Eψ , (6)
pˆ3ψ = p3ψ , (7)
Jˆ3ψ = j3ψ , (8)
Sˆ3ψ = sψ , (9)
where E =
√
p2⊥ + p
2
3 +M
2 is the energy, p3 and j3 are the z-components of linear and total angular
momentum respectively; p⊥ denotes the radial momentum. The eigenvalue of Jˆ3 is half-integer and we
rewrite it by introducing l, j3 =: l+N +1/2. Here l is an integer number and N is fixed as above. Note
that l + N denotes an integral part of the eigenvalue of Jˆ3 in contrast to the usual convention. The
corresponding separation of a factor exp(iNϕ) in the solutions of the Dirac equation will turn out to be
convenient in the following calculations. We introduced in eq. (9) the operator Sˆ3 and not the helicity
operator Sˆt = Σi(pi − eAi)/p which is often used. Both of these operators commute in the relativistic
case with the operators Hˆ , pˆ3 and Jˆ3, when a magnetic field of a fixed direction is present. This can be
seen, for example, in [18]. We prefer to use Sˆ3 because in the nonrelativistic limit, which will be treated
below, it describes the spin projection along the direction of the magnetic field. Its eigenvalue is given
by s = ±
√
1 + p23/M
2. Solving these eigenvalue equations leads to a radial solution of Bessel type.
As independent solutions we choose Bessel functions of the first kind with positive and negative
orders. Then the normalization condition for the partial modes with quantum numbers j = (p⊥, p3, l, s),∫
dxψ†(j, x)ψ(j′, x) = δj,j′ = δs,s′δl,l′δ(p3 − p3′)δ(p⊥ − p
′
⊥)√
p⊥p′⊥
, (10)
fixes the solutions (for electron states with E > 0) only for values of l outside the interval −1 < l−δ < 0.
Unless l = 0 the Bessel functions of negative order are not square integrable and therefore the normalized
solutions contain only the regular Bessel functions of positive order. One finds, for l 6= 0, for the total
mode function
ψe(j, x) =
1
2π
Ne e
−iEpt+ip3zeiNϕei
pi
2
|l|
(
u
v
)
, (11)
where
u =
1√
2s
( √
Ep + sM
√
s+ 1 Jν1(p⊥ρ)e
ilϕ
iǫ3ǫl
√
Ep − sM
√
s− 1 Jν2(p⊥ρ)ei(l+1)ϕ
)
, (12)
v =
1√
2s
(
ǫ3
√
Ep + sM
√
s− 1 Jν1(p⊥ρ)eilϕ
iǫl
√
Ep − sM
√
s+ 1 Jν2(p⊥ρ)e
i(l+1)ϕ
)
, (13)
and
Ne :=
1√
2Ep
, p⊥ :=
√
p2 − p23 =
√
E2p −M2 − p23 , s = ±
√
1 +
p23
M2
, ǫ3 := sign(sp3), (14)
ν1 :=
{
l − δ
−l + δ , ν2 :=
{
l + 1− δ
−l− 1 + δ , ǫl :=
{
1 if l ≥ 0
−1 if l < 0 . (15)
In (15) we already included without proof the case l = 0. This critical mode, however, requires a separate
discussion, to which we will turn now.
The solution for l = 0 contains Bessel functions of positive and negative orders. It can be written as
u =
N0√
2s
( √
Ep + sM
√
s+ 1 [sinµJ−δ(p⊥ρ) + cosµJδ(p⊥ρ)]
iǫ3
√
Ep − sM
√
s− 1 [sinµJ1−δ(p⊥ρ)− cosµJ−1+δ(p⊥ρ)]eiϕ
)
, (16)
v =
N0√
2s
(
ǫ3
√
Ep + sM
√
s− 1 [sinµJ−δ(p⊥ρ) + cosµJδ(p⊥ρ)]
i
√
Ep − sM
√
s+ 1 [sinµJ1−δ(p⊥ρ)− cosµJ−1+δ(p⊥ρ)]eiϕ
)
, (17)
where µ is an arbitrary parameter. It is normalizable for any value of µ. Moreover one can see that there
is no solution that behaves regular at ρ = 0 as it is the case for the spinless case. At least one component
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of each two-spinor diverges at ρ = 0. This is an obvious consequence of the additional interaction between
the magnetic moment of the electron and magnetic field inside the solenoid. The question remains, what
value of µ is to be chosen?
Note that the first spinor component is square integrable but singular for l = 0 as well as for l = 1.
(One has to replace δ with −l + δ in eq. (16) in order to get the general solution.) But for l = 1 the
second component turns out to be not square integrable. This is the reason why only one critical mode
appears, in contrast to [13].
The zero mode problem is not specific for the Dirac equation. It is related to the fact that the Hamilton
operator is not selfadjoint in the presence of the pure Aharonov-Bohm potential for any charged quantum
system. This would cause many problems for the unitary evolution of quantum systems unless selfadjoint
extensions of these Hamilton operators exist. The related self-adjoint extension procedure [16] permits
to fix the parameter µ up to an arbitrary constant. We shall not describe this method here. In [15]
we presented an alternative method of treating the self-adjointness problem. It essentially amounts to
finding orthogonal states with respect to the radial momentum p⊥ for the critical mode (l = 0). It then
immediately leads to the same condition on the parameter µ as the self-adjoint extension method does:
tanµ = α
(p⊥
M
)2δ M
Ep + sM
, α = const , N0 =
1√
1 + sin 2µ cosπδ
. (18)
If these conditions are fulfilled, then the cylindrical modes to the Dirac equation form a complete
set of functions for any α. Similar results can be obtained for other quantum systems in the Aharonov-
Bohm potential both relativistic and nonrelativistic ones. Note that the self-adjoint extension method
does not fix the open parameter α which determines the behaviour of the wave function at the origin.
This situation is not satisfactory from the physical point of view (in addition the calculations in the
following sections cannot be performed for arbitrary α). We solve this problem as follows: The pure
Aharonov-Bohm potential is the limiting case of nonsingular vector potentials of real solenoids of finite
radii. Hamiltonians in the presence of realistic magnetic fields are selfadjoint operators, and one would
expect that the limiting procedure permits us to fix the arbitrary parameter α completely. This was
shown in the paper [12] in general and we will confirm this result for the special case of a cylindrical
solenoid with uniform magnetic field inside. The vector potential outside the solenoid coincides with (3).
Inside it depends on the distribution of the magnetic field. We choose a uniform distribution, so that
eAϕ =
φρ
a2
, if ρ < a , (19)
where a is the radius of the solenoid with the magnetic field H = 2φ/ea2.
Solutions to the Dirac equation contain the Bessel functions with positive and negative orders for
ρ > a and a confluent hypergeometric function for ρ < a. The matching and normalization conditions
will fix all arbitrary coefficients in these solutions. It is evident that for l 6= 0 the pure AB solution will
be restored in the limiting case of vanishing radius. For l = 0 one can expect that this procedure will
lead to a self-adjoint extension of the pure AB Dirac operator. So we need to consider only this special
case.
The equations for radial functions are
R′′1,2 +
1
ρ
R′1,2 −
1
ρ2
(
l1,2 − φρ
2
a2
)2
R1,2 + p
2
1,2R1,2 = 0 , (20)
with
l1,2 =
(
N
N + 1
)
, p21,2 = p
2
⊥ ±
2φ
a2.
Solutions to these equations that are regular at ρ = 0 are
R1,2 = x
l1,2
2 e−
x
2Φ(A1,2, C1,2;x) (21)
where Φ(A,C;x) is the confluent hypergeometric function with
x = |φ| ρ
2
a2
, A1,2 = −
p21,2a
2
4|φ| +
1
2
, C1,2 = l1,2 +
1
2
.
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One can see from the matching conditions that external solution will not contain the Bessel function
with a negative order unless the parameter A1,2 goes to zero at a→ 0. It happens for the R1 component
at φ > 0 when the magnetic field directs down and for R2 component at φ < 0. In these cases the
interaction of the electron magnetic moment with the magnetic field is attractive and the probability to
find the electron near the string increases.
Thus, at N > 0 when the magnetic field points to the negative z direction, which we shall assume
from now on, the upper two-spinor component (corresponding to spin up) is enhanced and one needs to
put the parameter µ in the equation (18) and the solution (16) equal to π/2. The self-adjoint extension
parameter becomes α = ∞. Then each component of the zero mode solution (16) contains only one
Bessel function and therefore we can include the l = 0 case in (15), what was to be shown. Eqn.(11)
with (12) - (15) represents the central result of this section.
Let us remark that the method of taking the zero radius limit of a finite flux tube, as sketched above,
does not give physically meaningful results if an additional Coulomb potential is present [20]. However,
we do not consider that case here.
The expression (11) with (12) and (13) presents the partial electron wave functions in terms of
cylindrical modes. The electron scattering wave function is obtained by a superposition
Ψ(~p, s, x) :=
∑
l
clψe(j, x) . (22)
With the coefficients
c
(+)
l := e
−ilϕp ei
pi
2
ǫlδ (23)
this solution behaves at large distances like a plane wave, propagating in the direction of ~p given by
px = p⊥ cosϕp, py = p⊥ sinϕp, pz = p3, plus an outgoing cylindrical wave,
Ψ(~p, s, x) ∼
(
ei~p~x + f(ϕ)
√
i
ρ
eip⊥ρ+ip3z
)
e−iωt
Because of the damping of the cylindrical wave at large distances we may use this superposition instead
of plane waves. Accordingly, the coefficients
c
(−)
l := e
−ilϕp e−i
pi
2
ǫlδ (24)
are used to form a scattering wave solution for an outgoing electron with an ingoing cylindrical wave.
With this different choice of the coefficients for ingoing and outgoing electrons the interaction with the
external AB-field will be described correctly.
The external Aharonov-Bohm field does not influence the photon wave function. In cylindrical coor-
dinates it reads
Aλµ(
~k, x) =
e
(λ)
µ√
2ωk
e−iωkt+ik3zeik⊥ρ cos(ϕ−ϕk) (25)
where the polarization vectors for two physical transversal photons (in cartesian coordinates)
e(σ) := (0, − sinϕk, cosϕk, 0), e(π) := 1
ωk
(0, −k3 cosϕk, −k3 sinϕk, k⊥) (26)
correspond to two linear polarization states.
3 Matrix elements and differential cross sections for the process
e→ e+ γ
Cross sections are usually related to plane wave states, and in our case to the scattering states (22). The
cylindrical modes (11) have a vanishing radial flux and therefore do not describe ingoing or outgoing
particles. They are, however, convenient for calculating matrix elements and we shall use these matrix
elements as starting point for the calculation of the cross section which refers to scattering states.
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3.1 Matrix elements for cylindrical modes
The matrix element for the bremsstrahlung process for an ingoing electron with quantum numbers
jp = (p⊥, p3, l, s) leading to an outgoing electron with quantum numbers jq = (q⊥, q3, n, r) and a photon
with quantum numbers jk = (~k, λ) for physical states λ = (σ, π) has the usual form
M˜λ(jp, jq) = −i 〈jq, jk|S(1)|jp〉 = −e
∫
d4xψ¯e(jq, x) A
∗λ
µ(
~k, x)γµ ψe(jp, x) (27)
whereby gamma matrices are written in terms of Pauli matrices as
γi =
(
0 σi
−σi 0
)
, (28)
so that
e∗(λ)µ γµ =
(
0 αλ
−αλ 0
)
, ασ =
(
0 −ie−iϕk
ieiϕk 0
)
, απ =
(
k⊥ −k3e−iϕk
−k3eiϕk −k⊥
)
1
ωk
. (29)
Using the expressions (11), (12), (13) and (25), we can rewrite the matrix element (27) in the form
M˜λ(jp, jq) = −e 1
2
√
2ωkEqEp
e(i
pi
2
(|l|−|n|)δ(Ep − Eq − ωk)δ(p3 − q3 − k3) mλ , (30)
with
mλ :=
∫
ρdρdϕe−ik⊥ρ cos(ϕ−ϕk)
[
u†(q)αλv(p) + v
†(q)αλu(p)
]
= ei(l−n)ϕk
∫
ρdρdϕe−ik⊥ρ cos(ϕ−ϕk)Kλ(ρ, ϕ) . (31)
For the polarization state λ = σ we have
Kσ(ρ, ϕ) = R
[
ǫl
√
Eq + rM
√
Ep − sMJν1(q⊥ρ)Jν2(p⊥ρ)ei(l−n+1)(ϕ−ϕk)
+ ǫn
√
Eq − rM
√
Ep + sMJν2(q⊥ρ)Jν1 (p⊥ρ)e
i(l−n−1)(ϕ−ϕk)
]
, (32)
and for the polarization state λ = π
Kπ(ρ, ϕ) =
k⊥
ωk
R⊥
[√
Eq + rM
√
Ep + sMJν1(q⊥ρ)Jν1(p⊥ρ)
−ǫnǫl
√
Eq − rM
√
Ep − sMJν2(q⊥ρ)Jν2(p⊥ρ)
]
ei(l−n)(ϕ−ϕk)
− ik3
ωk
R
[
ǫl
√
Eq + rM
√
Ep − sMJν1(q⊥ρ)Jν2(p⊥ρ)ei(l−n+1)(ϕ−ϕk)
−ǫn
√
Eq − rM
√
Ep + sMJν2(q⊥ρ)Jν1(p⊥ρ)e
i(l−n−1)(ϕ−ϕk)
]
, (33)
where
R :=
√
r + 1
√
s+ 1 + ǫ3(q)ǫ3(p)
√
r − 1√s− 1
2
√
sr
, (34)
R⊥ :=
ǫ3(q)
√
r − 1√s+ 1 + ǫ3(p)
√
r + 1
√
s− 1
2
√
sr
. (35)
Integrating over ϕ we obtain
mσ = 2πe
i(l−n)ϕkR
×
[
ǫl
√
Eq + rM
√
Ep − sMe−ipi2 (l−n+1)
∫
ρdρJν1(q⊥ρ)Jν2(p⊥ρ)Jl−n+1(k⊥ρ)
+ ǫn
√
Eq − rM
√
Ep + sMe
−ipi
2
(l−n−1)
∫
ρdρJν2(q⊥ρ)Jν1(p⊥ρ)Jl−n−1(k⊥ρ)
]
. (36)
6
and
mπ = 2πe
i(l−n)ϕk e−i
pi
2
(l−n)
×
{
k⊥
ωk
R⊥
[√
Eq + rM
√
Ep + sM
∫
ρdρJν1(q⊥ρ)Jν1(p⊥ρ)Jl−n(k⊥ρ)
−ǫnǫl
√
Eq − rM
√
Ep − sM
∫
ρdρJν2(q⊥ρ)Jν2(p⊥ρ)Jl−n(k⊥ρ)
]
(37)
− k3
ωk
R
[
ǫl
√
Eq + rM
√
Ep − sM
∫
ρdρJν1(q⊥ρ)Jν2(p⊥ρ)Jl−n+1(k⊥ρ)
+ǫn
√
Eq − rM
√
Ep + sM
∫
ρdρJν2(q⊥ρ)Jν1(p⊥ρ)Jl−n−1(k⊥ρ)
]}
.
It follows from the energy conservation δ term in (30) that the radial momenta of the particles fulfill
p⊥ > q⊥ + k⊥. The excess of radial momentum, ∆ = 1 − (q⊥ + k⊥)/p⊥, is transmitted to the flux
tube. For this case, using formulae [6.578(3), 6.522(14)] of [17], one can see that the integrals over ρ
vanish unless (l + 12 )(n +
1
2 ) < 0. This inequality is fulfilled at l ≥ 0, n < 0 and n ≥ 0, l < 0, and the
nonvanishing integrals are of the type
J(α, β) :=
∫ ∞
0
ρdρJα(p⊥ρ sinA cosB)Jβ(p⊥ρ cosA sinB)Jβ−α(p⊥ρ)
=
2 sinπα
πp2⊥ cos(A+B) cos(A−B)
(
sinA
cosB
)α (
sinB
cosA
)β
, (38)
with q⊥ = p⊥ sinA cosB, k⊥ = p⊥ sinB cosA.
The partial wave analysis of the bremsstrahlung process in the Abahronov-Bohm potential shows a
rather unexpected feature: The process turns out to be forbidden unless the quantum numbers l and n
of the ingoing and outgoing electron have opposite signs. This in turn implies that their kinetic angular
momentum projections, [~r × (~p− e ~A)]3 = −i∂ϕ − φ, have opposite signs. To see this one calculates the
corresponding expectation values and finds
〈[~r × (~p− e ~A)]3〉 = 〈−i∂ϕ − φ〉
= l +
1
2
− δ − 1
2
s
M
Ep
= l − δ + 1
2
(
1±
√
M2 + p23√
M2 + p23 + p
2
⊥
)
, (39)
from which it follows that the sign of l equals the sign of 〈[~r × (~p − e ~A)]3〉 for all values of δ, s, and
l 6= 0. In the framework of a semiclassical picture this leads to the interpretation that the electrons need
to pass the magnetic string in opposite directions. Apparently this is necessary for the ingoing electron
to give the excess of its radial momentum to the string and to emit a real bremsstrahlung photon.
Using expression (38) we find for the matrix element (36)
mσ = −2πiei(l−n)ϕke−ipi2 |l−n|R
×
{
Θ(l ≥ 0)Θ(n < 0)
[√
Eq + rM
√
Ep − sM J(−n+ δ, l− n+ 1)
+
√
Eq − rM
√
Ep + sM J(−n− 1 + δ, l− n− 1)
]
+ Θ(l < 0)Θ(n ≥ 0)
[√
Eq + rM
√
Ep − sM J(n− δ,−l+ n− 1)
+
√
Eq − rM
√
Ep + sM J(n+ 1− δ,−l+ n+ 1)
]}
= − 4iR e
i(l−n)ϕk−i
pi
2
|l−n|+iπn sinπδ√
p4⊥ − 2p2⊥(q2⊥ + k2⊥) + (q2⊥ − k2⊥)2
(ab)|n|b|l| (40)
×
{√
Eq + rM
√
Ep − sM
[
Θ(l ≥ 0)Θ(n < 0)aδb−Θ(l < 0)Θ(n ≥ 0)a−δb−1]
−
√
Eq − rM
√
Ep + sM
[
Θ(l ≥ 0)Θ(n < 0)a−1+δb−1 −Θ(l < 0)Θ(n ≥ 0)a1−δb]} ,
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where we have introduced
a :=
sinA
cosB
=
p2⊥ − k2⊥ + q2⊥ −
√
p4⊥ − 2p2⊥(q2⊥ + k2⊥) + (q2⊥ − k2⊥)2
2p⊥q⊥
, (41)
b :=
sinB
cosA
=
p2⊥ + k
2
⊥ − q2⊥ −
√
p4⊥ − 2p2⊥(q2⊥ + k2⊥) + (q2⊥ − k2⊥)2
2p⊥q⊥
. (42)
In the same way we find for the matrix element (37)
mπ = 2πe
i(l−n)ϕk e−i
pi
2
|l−n| [Θ(l ≥ 0)Θ(n < 0) L+Θ(l < 0)Θ(n ≥ 0) N ] 1
ωk
, (43)
with
L := k⊥R⊥
[√
Eq + rM
√
Ep + sM J(−n+ δ, l− n)
+
√
Eq − rM
√
Ep − sM J(−n− 1 + δ, l− n)
]
(44)
−k3R
[√
Eq + rM
√
Ep − sM J(−n+ δ, l− n+ 1)
−√Eq − rM√Ep + sM J(−n− 1 + δ, l− n− 1)] ,
and
N := k⊥R⊥
[√
Eq + rM
√
Ep + sM J(n− δ, n− l)
+
√
Eq − rM
√
Ep − sM J(n+ 1− δ, n− l)
]
(45)
−k3R
[√
Eq + rM
√
Ep − sM J(n− δ, n− l − 1)
−
√
Eq − rM
√
Ep + sM J(n+ 1− δ, n− l + 1)
]
,
so that
mπ =
4ei(l−n)ϕk−i
pi
2
|l−n|+iπn sinπδ√
p4⊥ − 2p2⊥(q2⊥ + k2⊥) + (q2⊥ − k2⊥)2
(ab)|n|b|l|
1
ωk
×
{
k⊥R⊥
[√
Eq + rM
√
Ep + sM
(
Θ(l ≥ 0)Θ(n < 0)aδ −Θ(l < 0)Θ(n ≥ 0)a−δ)
−
√
Eq − rM
√
Ep − sM
(
Θ(l ≥ 0)Θ(n < 0)a−1+δ −Θ(l < 0)Θ(n ≥ 0)a1−δ)] (46)
−k3R
[√
Eq + rM
√
Ep − sM
(
Θ(l ≥ 0)Θ(n < 0)aδb−Θ(l < 0)Θ(n ≥ 0)a−δb−1)
+
√
Eq − rM
√
Ep + sM
(
Θ(l ≥ 0)Θ(n < 0)a−1+δb−1 −Θ(l < 0)Θ(n ≥ 0)a1−δb)]} .
Eq. (30) together with (40) and (46) is the final expression for the bremsstrahlung matrix element with
respect to cylindrical modes.
3.2 Cross section for scattering states
It is now very easy to calculate the matrix element of the bremsstrahlung process with respect to the
electron scattering states (22). Consider an electron with momentum ~p and spin s which is scattered by
the magnetic string and emits a photon with momentum ~k and polarization λ. Denoting the momentum
and spin of the scattered electron ~q and r resp. the corresponding matrix element reads
Mλ := −i 〈(~q, r), (~k, λ)|S(1)|(~p, s)〉
=
∑
l,n
c
(+)
l c
(−)
n
∗
M˜λ(jp, jq)
=
−e√2 sinπδ√
ωkEqEp
δ(Ep − Eq − ωk) δ(p3 − q3 − k3)√
p4⊥ − 2p2⊥(q2⊥ + k2⊥) + (q2⊥ − k2⊥)2
Σλ (47)
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where the coefficients c
(+)
l and c
(−)
n are given in eqs. (23) and (24) and refer to the ingoing (~p, s) and
outgoing electron (~q, r) resp. It is
iΣσ :=
∑
l,n
cl,n (ab)
|n| b|l| R
×
{√
Eq + rM
√
Ep − sM
[
Θ(l ≥ 0)Θ(n < 0)aδb−Θ(l < 0)Θ(n ≥ 0)a−δb−1] (48)
−
√
Eq − rM
√
Ep + sM
[
Θ(l ≥ 0)Θ(n < 0)a−1+δb−1 −Θ(l < 0)Θ(n ≥ 0)a1−δb]} ,
Σπ :=
∑
l,n
cl,n (ab)
|n| b|l|
1
ωk
×
{
k⊥R⊥
[√
Eq + rM
√
Ep + sM
(
Θ(l ≥ 0)Θ(n < 0)aδ −Θ(l < 0)Θ(n ≥ 0)a−δ) (49)
−
√
Eq − rM
√
Ep − sM
(
Θ(l ≥ 0)Θ(n < 0)a−1+δ −Θ(l < 0)Θ(n ≥ 0)a1−δ)]
− k3R
[√
Eq + rM
√
Ep − sM
(
Θ(l ≥ 0)Θ(n < 0)aδb−Θ(l < 0)Θ(n ≥ 0)a−δb−1)
+
√
Eq − rM
√
Ep + sM
(
Θ(l ≥ 0)Θ(n < 0)a−1+δb−1 −Θ(l < 0)Θ(n ≥ 0)a1−δb)]} ,
with the new coefficients
cl,n := e
−il(ϕp−ϕk)+in(ϕq−ϕk)+i
pi
2
(ǫl+ǫn)δ .
After performing the sums over the angular quantum numbers l, n and sorting with respect to the flux
parameter δ we obtain the following closed expression.
Σλ =
(
Aλ Σ+ a
δ −Bλ Σ− a−δ
)
, (50)
with
Σ+ :=
1
1− ab e−i(ϕp−ϕk)
b e−i(ϕq−ϕk)
1− b e−i(ϕq−ϕk) , (51)
Σ− :=
ab ei(ϕp−ϕk)
1− ab ei(ϕp−ϕk)
1
1− b ei(ϕq−ϕk) , (52)
Aσ := R
[
b
√
Eq + rM
√
Ep − sM − 1
ab
√
Eq − rM
√
Ep + sM
]
, (53)
Bσ := R
[
1
b
√
Eq + rM
√
Ep − sM − ab
√
Eq − rM
√
Ep + sM
]
, (54)
Aπ :=
k⊥R⊥
ωk
[√
Eq + rM
√
Ep + sM − 1
a
√
Eq − rM
√
Ep − sM
]
− k3
ωk
R
[
(b
√
Eq + rM
√
Ep − sM + 1
ab
√
Eq − rM
√
Ep + sM
]
, (55)
Bπ :=
k⊥R⊥
ωk
[√
Eq + rM
√
Ep + sM − a
√
Eq − rM
√
Ep − sM
]
− k3
ωk
R
[
1
b
√
Eq + rM
√
Ep − sM + ab
√
Eq − rM
√
Ep + sM
]
. (56)
Eqn. (47) and (50) together with (51)-(55) contain the results for the bremsstrahlung matrix element
with respect to scattering states.
Based on the matrix element (47) we evaluate the differential probability per unit length of string
solenoid for the bremsstrahlung process:
dWλ =Wλ q⊥dq⊥dϕq k⊥dk⊥dϕkdq3dk3 , (57)
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where
Wλ := |Mλ|2 = e
2 sin2 πδ
8π4ωkEqEp
· δ(Ep − Eq − ωk) δ(p3 − q3 − k3) Pλ(~q,~k) , (58)
with
Pλ(~q,~k) :=
|Σλ|2
p4⊥ − 2p2⊥(q2⊥ + k2⊥) + (q2⊥ − k2⊥)2
. (59)
In order to calculate the absolute value of (50) we shall make use of the fact that the Dirac equation (1)
in the external Aharonov-Bohm field is covariant under boost transformation along the string direction.
This means that it is sufficient to treat the case of normal incidence of the ingoing electron on the
magnetic string and therefore we may perform all calculations in the coordinate system in which p3 = 0.
No information will be lost but the calculations become more simple in this case. For p3 = 0 we use,
instead of q⊥ and k⊥, more convenient variables: the dimensionless photon energy ω and the angle ϑk
between the photon momentum and the string direction, defined by
ω :=
ωk
p⊥
=
p2⊥ − q2⊥ + k2⊥
2p⊥
√
p2⊥ +M
2
, x := sinϑk =
2k⊥
√
p2⊥ +M
2
p2⊥ − q2⊥ + k2⊥
. (60)
Referring to these variables we have k⊥ = p⊥ωx, q⊥ = p⊥
√
1− 2ω
v
+ ω2x2, v being the velocity of the
ingoing electron, and
a =
1− ω
v
− ω
v
√
1− v2x2√
1− 2ω
v
+ ω2x2
, b =
1−√1− v2x2
vx
. (61)
The variable ω ranges from 0 to ωmax = v (1 +
√
1− v2x2)−1 which corresponds to the minimal value of
q⊥ = 0. Calculating
|Σ+|2 = a Σ , |Σ−|2 = 1
a
Σ , (62)
Σ+Σ
∗
− +Σ
∗
+Σ
∗
− =
2
ab2
Σ2
{
[(1 + b2) cosϕpk − 2b][(1 + a2b2) cosϕqk − 2ab]
−(b2 − 1)(a2b2 − 1) sinϕpk sinϕqk
}
, (63)
with
Σ :=
ab2
(1 + b2 − 2b cosϕpk)(1 + a2b2 − 2ab cosϕqk) , ϕpk := ϕp − ϕk ,
we obtain
Pλ =
P
(+)
λ a
2δ + P
(−)
λ a
−2δ + P
(0)
λ
8E2pω
2(1− v2x2)(1 − vx cosϕpk) (1− ωvx2 − vx
√
1− 2ω
v
+ ω2x2 cosϕqk)
, (64)
where, again, we sorted with respect to the dependence on the flux parameter δ. We find for the
polarization state σ
P (±)σ =
1
2rs
{
(rs + 1)(1− v2x2)(2− 2ω
v
+ ω2x2)− ω2(1 − x2)(2 − v2x2 − ωvx2)
∓
√
1− v2x2(2− ωvx2)[(r + s)Mω
p⊥
+ s
Ep
M
ω2(1− x2)]
}
, (65)
P (0)σ =
1
rs
q⊥
p⊥
F (ϕ)
{
2(rs+ 1)(1− v2x2) + v2ω2x2(1 − x2)} , (66)
with
F (ϕ) :=
(cosϕpk − vx)[p⊥(1− ωvx2) cosϕqk − vxq⊥]− p⊥(1− v2x2) sinϕpk sinϕqk
(1− vx cosϕpk) [p⊥(1 − ωvx2)− vxq⊥ cosϕqk] , (67)
and for the polarization state π
P (±)π =
1
2rs
{
(rs+ 1)[2(1− x2)(1− ω
v
) + ω2x2(1− v2x2)]
10
∓
√
1− v2x2 [(r + s)Mω
p⊥
(2 − 2x2 − ωvx2) + sEp
M
ω2(1− x2)(2− 2v2x2 − ωvx2)
+s
M
p⊥
2ω2vx4]− ω2[(1 + x2)(1− v2x2) + (1− x2)(1− ωvx2)]
}
, (68)
P (0)π = −
1
rs
p⊥
q⊥
F (ϕ) (1 − x2){2(rs+ 1)− ω2v2x2} . (69)
The result for Pλ, and thus for the differential probability dWλ of eq. (57), is given by eq. (64) together
with (65)-(69).
In real experiments one observes the momentum and polarization distributions of scattered electrons
and bremsstrahlung photons. Complete information about this is contained in the differential radiative-
scattering cross section per unit length of the solenoid
dσλ
dωkdΩkdϕq
=
e2 sin2 πδ
8π4p⊥
ωk Pλ(~q,~k)
∣∣
Eq=Ep−ωk,q3=p3−k3
, (70)
whereby dΩk = d cosϑk dϕk.
The formula (70) together with (64)-(69) contains the complete information about energy, angular
and polarization distributions for the bremsstrahlung process. It allows to analyse correlations between
energy and direction of the emitted radiation. We will now discuss the cross section at different regimes
of the incoming electron’s energy.
4 The differential cross sections at different energies
For the soft bremsstrahlung process with small photon energy the infrared singularity appears in the
cross section in the limit ω → 0 as usual. This happens for any charged particle being scattered, and is
not specific neither for the Dirac electron nor the Aharonov-Bohm field. The reason for this singularity
is the failure of the perturbative expansion for soft photon emission.
For low electron energy (v ≪ 1) we have ω ≤ v2 , a2 ≈ 1− ωkEp−M and s, r = ±1. Then
P (±)σ = 2Θ(sr)
(
1− ω
v
∓ sω
v
)
, P (±)π = cos
2 ϑkP
(±)
σ , (71)
P (0)σ = 2Θ(sr)a cos(ϕpk + ϕqk) , P
(0)
π = − cos2 ϑkP (0)σ , (72)
and the differential cross section takes the form
dσλ
dωkdΩkdϕq
=
e2 sin2 πδ
32π4 M ωk
v Θ(sr) S(s)
(
1
cos2 ϑk
)
, for
{
λ = σ
λ = π
, (73)
with
S(s) :=
(
1− ωk
Ep −M
)1+sδ
+
(
1− ωk
Ep −M
)−sδ
+ 2ǫλ
(
1− ωk
Ep −M
) 1
2
cos(ϕpk + ϕqk) , (74)
where ǫλ = 1 for λ = σ and ǫλ = −1 for λ = π. The cross section of the bremsstrahlung process is rather
small. It is proportional to the classical electron radius, r0 = e
2/4πM, and the velocity v of the ingoing
electron.
Let us note some particular features of the low energy bremsstrahlung process for the Dirac electron
which can be read off from eq. (73).
(i) The electron spin projection is conserved at low electron energies as well as for soft photon emission
at arbitrary energies.
(ii) The appearance of the additional factor cos2 ϑk for the photon polarization state π is typical for
the angular distribution of radiation from nonrelativistic particles. But the angular distributions of the
outgoing electron and emitted photon are not independent on the angles ϕq and ϕk as it is the case
for spinless particles. In addition to the first two terms, which appear for spinless particles too, for the
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Dirac electron an additional term occurs. This Dirac-specific term is dependent on the direction of the
radiation relative to the momenta of the ingoing and outgoing electron. However, it does not depend on
the field strength of the magnetic string and therefore it seems to be obvious that it arises due to the
interaction of the electron’s and the photon’s spin.
(iii) After integration over the angle ϕq of the outgoing electron only the first two terms remain and one
finds
S(s) = 2π
{(
1− ωk
Ep −M
)1+sδ
+
(
1− ωk
Ep −M
)−sδ}
.
The cross section then coincides for s = −1 with the one for nonrelativistic spinless particles [9]. In
this case it is invariant under the transformation δ → 1− δ, and consequently also under Φ→ −Φ. For
s = +1, however, the interaction between the spin and the magnetic field leads to an attractive interaction
between the spin and the magnetic field and results in a modification of the cross section. For spinless
particles and for Dirac electrons with spin antiparallel to the magnetic string the wavefunctions vanish at
the origin. Consequently their cross sections coincide at low energies. For an electron with antiparallel
spin projection, s = +1 in our case, the wave function is amplified near the string and this leads to a
different cross section.
(iv) The photon emission with electron spin-flip takes place for higher electron energies. As a result of
the scattering process the electron tends to direct its spin antiparallel to the magnetic field. It leads to
a small self-polarization effect for the electron beam in the same manner as it happens for synchrotron
radiation [18].
We now discuss the angular distribution in the case of high electron energy, when γ = 1/
√
1− v2 ≫ 1.
Due to the presence of the factors
(1− vx cosϕpk) ∼ Epωk − ~p~k (75)
and
(1− ωvx2 − vx
√
1− 2ω
v
+ ω2x2 cosϕqk) ∼ Eqωk − ~q~k (76)
in the denominator of (64) the bremsstrahlung cross section has a sharp maximum in the neighborhood of
the direction of the ingoing electron, and the radiation is concentrated within a narrow cone around this
direction. This cone has an angular aperture of order of magnitude ∼ 1/γ. The same cone also contains
the momentum of the scattered electron. Outside the probability of radiative transition decreases rapidly.
5 The total cross section
Let us now integrate over final states in order to find the total cross section. After integrating over the
angle ϕq of the outgoing electron the term with P
(0) disappears and we obtain
dσλ
dωkdΩk
=
e2 sin2 πδ
32π3ωk
v
Ep
P
(+)
λ a
2δ + P
(−)
λ a
−2δ
(1− v2x2) 32 (1− vx cosϕpk)
. (77)
Summing over polarization states of the outgoing electron (indicated by a bar) we find
dσ¯λ
dωkdΩk
=
e2 sin2 πδ
32π3 ωk
v
Ep
P¯
(+)
λ a
2δ + P¯
(−)
λ a
−2δ
(1− v2x2) 32 (1− vx cosϕpk)
, (78)
with
P¯ (±)σ = (1− v2x2)(2 − 2
ω
v
+ ω2x2)∓ s
√
1− v2x2 (2− ωvx2)Mω
p⊥
, (79)
and
P¯ (±)π = 2(1− x2)(1 −
ω
v
) + ω2x2(1− v2x2)∓ s
√
1− v2x2 (2− 2x2 − ωvx2)Mω
p⊥
. (80)
The integration over the angle ϕk of the emitted photon leads to an additional factor 2π(1 − v2x2)− 12 .
We find as result
dσ¯λ
dωkd cosϑk
=
e2 sin2 πδ
16π2 ωk
v
Ep
P¯
(+)
λ a
2δ + P¯
(−)
λ a
−2δ
(1− v2x2)2 . (81)
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The remaining integrals over dωk and dϑk can not be found analytically for arbitrary electron energies.
For low electron energies we have
dσ¯σ
dωk
= 3
dσ¯π
dωk
=
r0 sin
2 πδ
π
v
ωk
[(
1− ωk
Ep −M
)1+sδ
+
(
1− ωk
Ep −M
)−sδ]
. (82)
This result can also be obtained from (73) by integrating over ϕq, ϕk and ϑk, i. e. by first making the
approximation of low energy and summing over final states afterwards.
For high electron energies, γ = (1−v2)− 12 ≫ 1, the main contribution to the cross section arises from
values of ϑk ∼ π2 , or x ∼ 1. In this case a ≈ 1 if the bremsstrahlung photon is not too hard, ω < ωmax,
and we obtain for the cross section
dσ¯λ
dωk
∼ r0 sin
2 πδ
ωk
fλ(ωk) , (83)
where fλ(ωk) is a function of the photon energy. It means that the form of the energy bremsstrahlung
spectrum is independent on the ingoing electron energy and polarization state. For hard photons,
ω ∼ ωmax, we have a2 ∼ (ωmax − ω)/2
√
1− v2x2, and the cross section behaves asymptotically as
dσ¯λ
dωk
∼ r0 sin
2 πδ
ωk
γδ
(
1− ωk
Ep
)δ
(a∓ bs) , (84)
where a and b are coefficients and the signs of ∓ correspond to λ = σ and π resp. It means that
the fraction of hard photons increases with the ingoing electron energy. i.e. the bremsstrahlung photon
spectrum becomes more hard. Also there is a correlation between the electron spin states and the photon
polarization.
6 Conclusions
We have analyzed the bremsstrahlung of an electron being scattered by a magnetic string, which, among
other quantum processes accompanying the AB scattering, seems to be the most interesting and signifi-
cant one.
In addition to the AB interaction, resulting from the non-integrable phase factors, which all quantum
particles suffer, spin particles interact with the magnetic field via their magnetic moments. This strongly
influences their behaviour near the flux tube. In the idealized case of an infinitely thin magnetic string
their wave functions do not vanish on the string and the non-locality of the AB effect is modified by a
local interaction. This interaction leads to a specific behaviour of the cross section.
We evaluated the differential radiative cross section, which contains complete information about
energy, angular and polarization distribution of the participating particles, as well as the total cross
section and analysed them for different energy regimes. For low electron energies an angular asymmetry
in the plane perpendicular to the string occurs. This result may be the most interesting one for possible
experimental observations.
The bremsstrahlung allows for attempts of detailed experimental investigation of the AB effect. Of
course, the observation of the AB effect, which is done by means of electron interference and electron
holography [6], is not a simple task and the radiative AB effect for polarized electron beams requires a
careful discussion.
We draw attention to a remarkable feature which is characteristic for quantum processes in the
presence of the AB string both for spinless and for spin particles. The processes happen if the ingoing
and outgoing electrons have angular momentum projection of opposite signs. In a sense the electron
needs to circle the AB string to emit the bremsstrahlung photon. In this case it can transmit a part of
its perpendicular momentum to the string. The relative excess, ∆ = 1 − (q⊥ + k⊥)/p⊥, is ranged from
its minimal value ∆ = 0 at ωk = 0 to the maximal value ∆ = 1 at ωk = p⊥v/2 when the bremsstrahlung
photon takes away all kinetic energy of the electron.
Finally we point out the analogy to the physics of an electron passing a cosmic string [19]. In this
case an additional term appears which results from the spin connection. It corresponds to the vector
potential term in the AB case.
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